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Abstract. We consider optical pulse propagation in one spatial direction and observe that for lossless media,
the resulting Maxwell equations are of the form of an infinite dimensional Hamiltonian system evolving in
the spatial direction. A simplified uni-directional model is derived for waves runningmainly in one direction.
For quadratic v2-nonlinearity, this leads to variants of the Korteweg–de Vries equation (well known in fluid
dynamics) with dispersion determined by the material properties. For narrow banded spectra, a corre-
sponding envelope equation of nonlinear Schro¨dinger (NLS)-type, with full dispersive properties, is derived.
Special attention is given to translate the NLS-solution to the physical field, which involves phase adap-
tations that contribute to the nonlinear dispersion relation. Then the propagation and distortion of double
pumped pulses is studied by deriving uniformly valid analytic approximations. It is found, confirming but
specifying previous observations, that when the quotient of amplitude and frequency difference is not small,
side bands from third order effects have a contribution comparable to that of the first order terms. The uni-
directional model describes the asymmetry in the distortions that are not described by the standard NLS-
equation but which can be recovered when higher order dispersive effects are incorporated. The final
conclusion when comparing the different models is that the uni-directional model is preferred above the
NLS-model, based on its more general applicability for broad signals, its direct description of the physical
fields, and the more direct analytical methods to find asymptotically valid approximations.
Key words: optical pulse propagation, second order nonlinearity, uni-directional model, Korteweg–
de Vries equation, NLS-equation, nonlinear dispersion relation
1. Introduction
When the Maxwell equations are restricted to depend on one spatial direction
only, the z-direction, there result equations for the y-component of the E-field
and the x-component of the H-field; assuming that also the electric polar-
ization has only its y-component nonvanishing, and restricting to nonmag-
netic materials, the equations can be written as
oz
E
H
 
¼ 0 ot
ot 0
 
D
l0H
 
ð1Þ
which can also be written as the second order scalar equation
o2zE ¼ l0o2t D :
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In the following we consider lossless material with linear dispersion given by
v^1ðxÞ and nondispersive quadratic nonlinearity; 1 then the dielectric dis-
placement is given by
D ¼ e0E þ v1E þ v2E2: ð2Þ
The dielectric displacement can be written as the variational derivative with
respect to E of a constitutive functional CðEÞ
CðEÞ ¼
Z
1
2
e0E2 þ v1E  E
 þ 1
3
v2E
3
 
dt:
This means that D ¼ dECðEÞ since for arbitrary field variations dE it holds
that CðE þ dEÞ ¼ CðEÞ þ R D  dE½ 	dt þ OðdE2Þ. The linear dispersion rela-
tion for modes exp½i kz
 xtð Þ	 has two solution branches
k ¼ KðxÞ  x
c
RðxÞ with RðxÞ 
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v^1ðxÞ=e0
p
ð3Þ
with KðxÞ real-valued and skew-symmetric for real frequencies, and with
e0l0 ¼ 1=c2. Introducing the ‘Hamiltonian’
H ¼ CðEÞ þ
Z
1
2
l0H
2
 
dt; ð4Þ
the equations can be written as a Hamiltonian system evolving in z as follows
oz
E
H
 
¼ 0 ot
ot 0
 
dEH
dHH
 
:
Using well-established methods from Classical Mechanics and the analogy
with wave propagation in fluid dynamics, we exploit this structure of the
equations for two aims: to derive a simplified model that describes waves
mainly propagating in one direction, and methods to study the actual evo-
lution of solutions.
In section 2 we briefly describe the uni-directionalization process that leads
to an equation for right travelling waves. In Section 3 we derive for sharply
peaked pulses the envelope equation of nonlinear Schro¨dinger (NLS)-type.
1 Actually, the following can be generalised in various ways; only the lossless character is of importance
which implies the existence of a constitutive potential for the dielectric displacement. With the same
assumption for the magnetic polarization, magnetic properties can be included as well.
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We pay special attention to relate a NLS-solution to the physical field, which
involves modification of phase from higher order variations of the equilib-
rium. This effect should be combined with phase modifications in solutions of
the NLS equation itself to find the correct modification that leads to the so-
called nonlinear dispersion relation. Furthermore, higher order dispersive
properties are retained. In Section 4, as a preparation for the following, first
the simple example of a nonlinear harmonic is investigated. Then in the next
section, the large deformations of double pumped pulses with nearby fre-
quencies are considered. This is actually a two-parameter problem since,
besides the amplitude, the quotient of amplitude and frequency difference
turns up as an additional parameter. When this quotient is not small, the
ordering of ‘small’ terms may be influenced. Analytical approximations are
derived and shown to agree quite well for both model equations provided
that qubic dispersive terms, which are neglected in the ‘standard’ form of the
NLS-equation, are taken into account in the NLS-model (which is done in
for instance the Dysthe NLS-equation). Graphical illustrations of the ana-
lytic approximations are compared to numerical calculations. In the final
section we summarize the main conclusions.
2. Uni-directional Maxwell equation
To motivate the uni-directionalization, first consider the equations in vacu-
um. Then the equation o2zE ¼ 1=c2
 
o2t E has as general solution superposi-
tions of wave running to the right and left:
E ¼ rðt 
 z=cÞ þ sðt þ z=cÞ:
For waves running to the right, the simplified equation ðoz þ 1=cð ÞotÞE ¼ 0 is
an exact uni-directional model for the bi-directional equation. For dispersive,
weakly nonlinear equations, a similar splitting can be made in a good ap-
proximation since right travelling waves generate left travelling waves to a
limited extent only, in an order determined by the nonlinear material effects.
Following the uni-directionalization process described in detail in (van
Groesen and de Jager 1994), the result is the following uni-directional
Maxwell equation (uni-ME)
ozE þ 1c ot RðiotÞE þ ~v2E
2
  ¼ 0; ð5Þ
where R is the dispersion operator defined above that corresponds to the right
travelling branch of the dispersion relation, k ¼ KðxÞ. Further, we used the
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notation ~v2 ¼ v2=2e0: This equation inherits the Hamiltonian structure of the
bi-directional equation, as can be seen by writing
ozE ¼ 
 1c ot dE
Hð Þ with H ¼
Z
1
2
RE  E þ 1
3
~v2E
3
 
dt: ð6Þ
The corresponding magnetic field for this uni-directional propagation is given
by H ¼ 
 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffie0=l0ð ÞE:
In the theory of surface waves on a layer of fluid, a similar equation (with z
and t interchanged, and for long wave dispersion approximated by
R ¼ 1þ o2t is known as the Korteweg–de Vries (KdV) equation; it describes
uni-directional waves in a remarkably good approximation. 2
To simplify notation in the following, we invoke the scaling
u ¼ ~v2E; z ¼ z=c
so that uni-ME becomes (suppressing the asterisk in the following):
ozuþ ot Ruþ u2
  ¼ 0: ð7Þ
3. Envelope equation for the uni-directional model
In this section we derive the equation for the envelope of a wave group
centered at a central frequency x: The result will be, as can be expected, an
NLS-equation, with coefficients determined by the dispersion relation.
First we derive the well known dispersive effects by neglecting the qua-
dratic nonlinearity. Then we include effects of the nonlinearity and derive the
NLS-type of equation. We will do this in some detail, since the precise re-
lation with the physical solution u contains some intricate phase effects which
are important for the physical field, as is seen by comparison with solutions
derived directly from the uni-ME in the next sections.
3.1. DISPERSIVE DISTORTIONS
The general solution of the linearised equation can be written down as
uðz; tÞ ¼
Z
aðxÞ exp½iðKðxÞz
 xtÞ	dxþ cc
2 This KdV-equation, derived in 1895, became particularly known in the sixties of the previous century,
when it was identified as one of the first ‘completely integrable’ nonlinear dispersive partial differential
equations; soon thereafter, the NLS-equation was shown to possess a similar structure.
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where a is the spectral function of the field at z ¼ 0. Taking an initial spec-
trum sharply centered at x; the resulting wave group is a modulation of a
harmonic mode, given by
uðz; tÞ ¼ Aðz; tÞ exp½iHðxÞ	 þ cc;
where here and in the following we use the notation HðxÞ to denote the phase
of a mode with frequency x satisfying the dispersion relation
HðxÞ ¼ KðxÞz
 xt:
The complex amplitude that describes the modulation is given by
Aðz; tÞ ¼
Z 1
0
aðxþ mÞ exp fi Kðxþ mÞ 
 KðxÞð Þz
 mt½ 	gdm
and satisfies the linear dispersive equation
ozA
 i Kðxþ iotÞ 
 KðxÞ½ 	A ¼ 0:
To eliminate the first order term in the dispersion, a frame moving with the
group velocity 1=K 0ðxÞ is introduced, i.e.
s ¼ t 
 K 0ðxÞz; f ¼ z:
Writing
K2ðmÞ ¼ Kðxþ mÞ 
 KðxÞ 
 K 0ðxÞm;
the equation can then be rewritten like:
ofA
 iK2ðiosÞA ¼ 0:
3.2. NONLINEAR EFFECTS
To incorporate the nonlinearity in the deformation of the envelope ampli-
tude, the generation of a second order double harmonic bound wave and a
variation of the equilibrium level is anticipated:
u ¼ A0 exp½iHðxÞ	 þ B exp½2iHðxÞ	 þ C þ cc: ð8Þ
The amplitudes A0;B and C are allowed to vary slowly in the frame of
reference, and B and C are of second order in the amplitude. It is natural to
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restrict to solutions u which are, either, square integrable in time (decaying at
infinity) or are periodic with some period T . In that case
R
u dt ¼ 0, and the
variations in the equilibrium level should satisfy at each position zZ
C dt ¼ 0:
Inserting the Ansatz in the equation gives a residue that has to be made as
small as possible. This defines the second order coefficients
B ¼ 2r2A20 and C ¼ r0½jA0j2 
 I0	 with I0 ¼
Z
jA0j2ds;
where
r0 ¼ 1K 0ðxÞ 
 K 0ð0Þ ; r2 ¼
x
2KðxÞ 
 Kð2xÞ ð9Þ
are (transfer) coefficients from the generation of the second harmonic and
nonharmonic term in the solution. Then, to avoid resonance terms in third
order, for A there results the equation
ofA0 þ 4ir0I0 xA0 
 iK2ðiosÞA0 
 icjA0j2A0 ¼ 0 with c ¼ 4x r0 þ r2ð Þ:
ð10Þ
One can simplify this result by getting rid of the term 4ir0I0 xA in the
equation by introducing an additional phase in A0:
A0 ¼ A exp ð
4ixr0I0fÞ
leading to
ofA
 iK2ðiosÞA
 icjAj2A ¼ 0: ð11Þ
This shift shows that the physical solution should actually be seen in a frame
of reference moving at a slightly adjusted speed; this effect is part of the
nonlinear dispersion relation.
With all these precautions made explicit, we consider the generalised NLS-
equation (11), denoted by gNLS.
From a solution of this equation, the actual physical solution is then up to
and including second order given by
u ¼ A exp fi HðxÞ 
 4xr0I0f½ 	g þ r0½jAj2 
 I0	
þ 2r2A2 expf2i HðxÞ 
 4xr0I0f½ 	g þ cc:
ð12Þ
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This can be rewritten in a more attractive way by writing the complex am-
plitude A with real amplitude a and phase / like A ¼ a expði/Þ; then
u ¼ 2a cosðHðxÞ þ /
 4xr0I0zÞ þ 2r0½a2 
 I0	
þ 4a2r2 cosð2ðHðxÞ þ /
 4xr0I0zÞÞ:
ð13Þ
The nonharmonic term with r0 modifies locally the equilibrium level of the
field (keeping the averaged value at zero), while the double harmonic term
with r2 deforms the first order harmonic profile to a cnoidal-type of profile.
Remark 1. In the envelope equation above, we have retained the full dis-
persive properties of the problem, just as in the derivation of the uni-ME in
the previous section. This may be less relevant for the envelope equation since
then, from the start on, the attention is to waves with a sharply peaked
spectrum, while uni-ME is valid for waves with a broad spectrum. However,
retaining the full dispersion makes it possible to study the influence of
truncating the dispersive properties. Indeed, it is custom to expand the dis-
persion operator to second or third order, i.e.
K2ðmÞ  b2m2 þ b3m3;
where b2 ¼ 12K 00ðxÞ;b3 ¼ 16K 000ðxÞ; and then A satisfies
ofAþ ib2o2sA
 b3o3sA
 icjAj2A ¼ 0: ð14Þ
Taking b3 ¼ 0 and performing a simple scaling transforms this equation to
the standard form of the NLS-equation (sNLS)
ofAþ io2sA
 i signðb2cÞjAj2A ¼ 0;
an equation well known in optics that has been studied extensively (see e.g.
Newell and Moloney 1992; Hasegawa and Kodama 1995; Akhmediev and
Ankiewicz 1997; Sulem and Sulem 1999). For this standard NLS, the qua-
dratic function K2 is even; with the third order dispersive term b3 included,
the equation is known as the Dysthe equation (dNLS, see Dysthe 1979). In
the next section we will see the effect of the additional dispersive terms.
4. Nonlinear harmonics
The effect of the nonlinearity, and the way how this is recovered in the two
model equations, is seen from an investigation of the simplest example, an
initially harmonic mode. Below we emphasize the effects on the phase, that
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are noticeable in the first order contribution already. In linear theory the
solution is
u ¼ a exp ½iHðxÞ	 þ cc ¼ 2a cosðHðxÞÞ:
For NLS the corresponding constant amplitude solution is independent of
the dispersive properties, and given by
A ¼ a expðica2fÞ
This corresponds to a physical field that can be found by using Equation (12),
I0 ¼ a2 and the expression for c:
u ¼ 2a cos½KNDRz
 xt	 þ hot;
with KNDR ¼ KðxÞ þ c
 4xr0½ 	a2 ¼ KðxÞ þ 4xr2a2;
where hot denote quadratic and higher order terms. This shows that this
nonlinear harmonic has slightly different wave number (and as a consequence,
slightly different phase speed) that depends on the amplitude. This correction
for the dispersion relation to a nonlinear dispersion relation (NDR) contains
two contributions. But note that, effectively, the long wave contributions
(from c and the equilibrium modulations) cancel for this solution.
Remark 2. The same result would have been found by neglecting modula-
tions of the equilibrium, i.e. taking C ¼ 0; r0 ¼ 0 from the start on; this will
not be the case in general, as will be seen in the next section.
To compare with results from uni-ME, we start with a straightforward
series expansion in the amplitude:
u ¼ uð1Þ þ uð2Þ þ uð3Þ:
The first order solution is the linear harmonic
uð1Þ ¼ a exp½iHðxÞ	 þ cc:
Then for the second order term there results the equation
ðoz 
 iKÞuð2Þ ¼ 
otðuð1Þ2Þ
with solution uð2Þ ¼ 2a2r2 exp½2iHðxÞ	 þ cc:
The third order equation
ðoz 
 iKÞuð3Þ ¼ 
2otðuð1Þuð2ÞÞ
584 E. VAN GROESEN ET AL.
contains a resonant term which can be dealt with by correcting the dispersion
relation. The correction by a nonlinear dispersion relation reads in this case
k ¼ KðxÞ þ 4xr2a2:
This is exactly the same result as found above from the NLS-model, provided
the translation to the physical field is done by including the phase shifts from
equilibrium variations.
5. Distortion of bi-chromatic waves
In this section we consider the evolution of an initially bi-chromatic wave
group, i.e. a double pumped pulse, with small frequency difference. The
primary motivation is to study properties of the distortions during the evo-
lution, which show several peculiarities and, implicitly, shows that special
care is required in finding accurate analytical approximations. A secondary
motivation is to compare the models of the previous sections; although the
final results of the uni-directional and the gNLS (or dNLS) agree in the
required order, the methods are more easily applied to the uni-directional
equation. The difference between these models and the standard NLS will
become clear, sNLS missing the asymmetrization that is more correctly de-
scribed by the others.
The signal at z ¼ 0 is the interference of two mono-chromatic waves of the
same amplitude q and slightly different frequencies x1 ¼ x m, with m
small,
uð0; tÞ ¼ q exp ð
ix1tÞ þ q exp ð
ix
1tÞ þ cc
¼ 4q cosðmtÞ cos xtð Þ:
Linear dispersive theory would lead to the solution
uðz; tÞ ¼ q expðiHþÞ þ q expðiH
Þ þ cc ¼ 4q cosðjz
 mtÞ cos kz
 xt
 
;
ð15Þ
where H ¼ Hðx mÞ and j ¼ ðKðxþ mÞ 
 Kðx
 mÞÞ=2, k ¼ ðKðxþ mÞþ
Kðx
 mÞÞ=2. This solution describes the characteristic modulation of the
carrier wave cos kz
 xt  by the envelope 4q cosðjz
 mtÞ which travels with
the group velocity m=j. It can be observed that the modulation in the moving
frame of reference is given by 4q cosðjz
 mtÞ ¼ 4q cosðdf
 msÞ, where
d ¼ j
 K 0ðxÞm  16K 000ðxÞm3: The nonlinear effects will be determined in the
first instance by the value of the amplitude q, but, for this specific example,
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just as well by the frequency difference. In fact, for the standard NLS-
equation the distortion of the bi-chromatic wave is determined by the char-
acteristic parameter which is the quotient q=m (Suryanto et al. 2001): the
larger this quotient the larger the distortion. It was shown by van Groesen
et al. (2001) using exact formula for the NLS-bi-soliton solution that the
opposite is the case for the interaction of solitons, the nonperiodic variant of
the bi-chromatic interference. Different from a direct series expansion in
powers of q, this will lead effectively to terms of order q, q2 (the ‘second
order’ contribution) and the ‘third order’ contribution of the form qðq=mÞ2;
clearly this third order term can dominate the second order term when q=m
is not small.
We will now derive the approximate solution, first in some detail for the
uni-directional equation; then the results for NLS-type of equations will be
briefly described.
5.1. APPROXIMATE SOLUTION FOR UNI-ME
The quadratic nonlinearity generates second order terms with amplitudes q2
and phases Hþ H
ð Þ and third order terms with amplitudes q3 and phases
 Hþ H
ð Þ  Hþ H
ð Þ½ 	. Each of these terms is multiplied by a specific
coefficient, but the value of these coefficients differs substantially depending
on m. As before, the resonant term in third order is taken care of by modifying
the dispersion relation with suitable nonlinear terms. The other terms in third
order that are most dominant are the phases corresponding to the nearest side
band frequencies, which are x3 ¼ x 3m. The coefficient in front of these
terms are inversely proportional to m2, leading to the two-parameter expansion
described above. In a direct series expansion method, the first order solution is
the linear solution (15). The second order solution is found to be
uð2Þ ¼ q2½2sþ exp ð2iHþÞ þ 2s
 exp ð2iH
Þ þ 4s expðiðHþ þH
ÞÞ
þ 2s0 exp ðiðHþ 
H
ÞÞ	 þ cc;
where
s ¼ x
Kðxþ1Þ þ Kðx
1Þ 
 Kð2xÞ ; sðÞ ¼
xð1Þ
2Kðxð1ÞÞ 
 Kð2xð1ÞÞ ;
s0 ¼ 2mKðx1Þ 
 Kðx
1Þ 
 Kð2mÞ :
Remark 3. Observe that in the limit m ! 0 these coefficients become s,
sðÞ ! r2 and s0 ! r0 and the second order solution becomes
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uð2Þ  q2 8r2 expð2iHÞ þ 2r0 exp½iðHþ 
H
Þ	½ 	 þ cc:
Compared to the result for a nonlinear harmonic, with a ¼ 2q, the same
second order contribution is found, but now there is a nonvanishing long
wave component 2r0 exp½iðHþ 
H
Þ	 which has to be taken into account in
calculating the third order; see Fig. 1.
The equation in third order contains resonant terms which leads to defi-
nition of the nonlinear dispersion relation: replace KðxÞ by KKdV
KKdV ¼ KðxÞ þ KcorrðxÞ;
where Kcorrðx mÞ ¼ 4q2ðx mÞðs0 þ s þ 2sÞ
Note that in the limit for m ! 0 this becomes
Kcorr  4q2 xðr0 þ 3r2Þ ð16Þ
which is the same result as will be found for NLS.
The linear solution then becomes
uð1Þ ¼ q expðiHþÞ exp½iKcorrðxþ mÞz	 þ q expðiH
Þ exp½iKcorrðx
 mÞz	 þ cc
which in a good approximation reads
uð1Þ ¼ 4q cosðkz
 xt þ KcorrzÞ cosðjz
 mtÞ:
The third order contribution to the solution contains terms from side band
frequencies x 3m and low and high frequency components, see Figure 1. We
will restrict to the most important terms which are the side bands. These are
given by
Fig. 1. Schematic diagram of mode generation from nonlinearity for the mono-chromatic (above) and the
bi-chromatic wave (below).
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uð3Þsb ¼ q3 a3 exp½ið2Hþ 
H
Þ	 þ a
3 exp½ið2H
 
HþÞ	½ 	 þ cc;
where
a3 ¼ 4ðs0 þ sÞ x 3m
2Kðx mÞ 
 Kðx mÞ 
 Kðx 3mÞ :
Observe, that in the limit m ! 0
a3  
c
4 K 00m2  K 000m3½ 	 ;
which is why we introduce a3 ¼ m2a3 and b3 ¼ a3  a
3, hence b3 
c
2K 00, b
3  12 cK
000
K 002 m, and get
uð3Þsb ¼ 2q
q
m
 2
a3 cosð2Hþ 
H
Þ þ a
3 cosð2H
 
HþÞ½ 	
¼ q q
m
 2
b3 cosðkz
 xtÞ cos½3ðdf
 msÞ	 þ b
3 sin½ðkz
 xtÞ sin½3ðdf
 msÞ	
 
:
Summarising so far, the first and third order side band contributions to-
gether can be written (if we introduce in third order the higher order cor-
rection from the nonlinear dispersion relation in the carrier wave) like
uð1Þ þ uð3Þsb ¼ q cosðkz
 xt þ KcorrzÞð4 cosðdf
 msÞ þ
q
m
 2
b3 cos½3ðdf
 msÞ	Þ
þ q q
m
 2
b
3 sinðkz
 xtÞ sin½3ðdf
 msÞ	:
The effect of the side band contributions is clearly seen:
 The carrier wave of the linear solution with phase correction cosðkz
 xtþ
KcorrzÞ is modulated by the linear modulation 4 cosðdf
 msÞ and a triple
periodic contribution qm
 2
b3 cosð3ðdf
 msÞÞ; the amplitude of this last
contribution may become substantial for small m.
 In addition, the signal contains a contribution from the out-of phase
carrier wave that is modulated by a same triple periodic function. This last
effect, is proportional to q2K 000ðxÞ=m; when K 000ðxÞ 6¼ 0 this term will cause
skew-symmetric distortions of the envelope.
Actually, to satisfy the correct initial signal, the contribution of the
third order term at z ¼ 0 has to be compensated by harmonic modes (‘free
waves’)
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ufree ¼ 
2q qm
 2
a3 cosHðxþ 3mÞ þ a
3 cosHðx
 3mÞ½ 	
which can be re-written as a modification of the linear solution as
ufree ¼ 
q qm
 2
b3 cosðkz
 xt þ 4K 00m2zÞ cos 3ðD3f
 msÞ

þ b
3 sinðkz
 xt þ 4K 00m2zÞ sin 3ðD3f
 msÞ

;
where D3 ¼ K2ð3mÞ 
 K2ð
3mÞ=6  9d: Observe the z-dependent shift of the
carrier wave that is different from that of the nonlinear dispersion relation.
The interference of the bound and the free third order carrier waves deter-
mines the spatial recurrence length of the total solution, given by
4K 00m2Zrecurr ¼ 2p, i.e.
Zrecurr ¼ p
2K 00m2
:
5.2. APPROXIMATE SOLUTION FOR gNLS
In this subsection we briefly describe the main steps to tackle the same
problem using gNLS. We emphasize how the main effects turn up now, and
see the difference between the standard NLS (when the linear dispersion
relation is approximated by a quadratic function) and the gNLS or dNLS.
From the results in the subsection above it is clear beforehand that the skew-
symmetric contributions will be absent in sNLS since then b
3 ¼ 0 and d ¼ 0.
The double pumped signalling problem for gNLS
ofA
 iK2ðiosÞA
 icjAj2 A ¼ 0
is obtained for the initial condition
Að0; sÞ ¼ 2q cosðmsÞ ¼ q expð
imsÞ þ q expðimsÞ:
The linear equation leads to the superposition of harmonic modes
Að1Þðf; sÞ  q expði/þÞ þ q expði/
Þ ¼ 2q exp ij2fð Þ cos df
 msð Þ;
where / ¼ j2f ms and j2 ¼ K2ðmÞ ¼ j2  d with j2 ¼ ðj2 þ j
2Þ=2 
1
2K
00ðxÞm2.
The solution is a spatial modulation of the initial signal with shift pro-
portional to df, and hence absent for sNLS so that the signal retains its initial
evenness in the original frame of reference.
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This linear solution leads to a contribution in the equation given by

icjAð1Þj2Að1Þ ¼ 
icq3 3 expði/þÞ þ 3 expði/
Þ þ exp½i 2/þ 
 /


	Þ

þ exp½i 2/
 
 /þ
 	 	:
This contains resonant terms expði/þÞ and expði/
Þ and nonresonant con-
tributions of nearest side bands which correspond to frequencies x 3m. To
get rid of the resonant terms, a nonlinear term in the dispersion relation of
the first order solution is introduced: ~K2ðmÞ  K2ðmÞ þ 3cq2, leading to a
correction of the first order solution:
Að1Þðf; sÞ ¼ q exp

i ðj2 þ 3cq2Þf
 ms
 þ q exp

i ðj
2 þ 3cq2Þfþ ms
 
:
To get the physical solution, the phase correction from equilibrium modu-
lations should be added in addition. This then leads to
u ¼ q exp

i Hðxþ mÞ þ ð3cq2 
 4xr0I0Þz
 
þ q exp

i Hðx
 mÞ þ ð3cq2 
 4xr0I0Þz
 
:
Since I0 ¼
R jAj2dt ¼ 2q2 this gives a total correction leading to NDR
KNLSðxÞ  KðxÞ þ 4x r0 þ 3r2ð Þq2
which is the same as Equation (16) found above for the KdV-model in the
limit m ! 0.
Remark 4. Note that now, if C ¼ 0, r0 ¼ 0 had been taken from the onset, a
different, and incorrect, result would have been obtained.
The third harmonic terms lead to a third order contribution of the same
form as in the KdV-model
Að3Þ ¼ cq q
m
 2
expðij2fÞfbþ3 cos½3ðdf
 msÞ	 þ ib
3 sin½3ðdf
 msÞ	g;
where b3 are now used for the limiting values of the corresponding quan-
tities used above.
Summarising, a solution of gNLS up to and including third order is found
to be
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A ¼ q exp iðj2 þ 3cq2Þf
 
 2 cos df
 msð Þ þ c q
m
 2
bþ3 cos½3ðdf
 msÞ	 þ ib
3 sin½3ðdf
 msÞ
  
;
to which should be added free waves to satisfy the correct initial signal:
Afree ¼ 
cq qm
 2
exp½i K2ð3mÞ þ K2ð
3mÞð Þf=2	 bþ3 cos½3 D3f
 msð Þ	

þ ib
3 sin½3 D3f
 msð Þ	g:
A similar interpretation as for the uni-directional equation above can be
given. Most important are the following observations:
 The change in wave number in the physical solution results from a com-
bination of resonance conditions in the NLS and from corrections due to
modulations in the equilibrium.
 The generation of the third order terms, one which is in-phase with the
linear solution  c q=mð Þ2cos½3ðdf
 msÞ	, the other one out-of-phase,
 cðq2=mÞ sin½3ðdf
 msÞ	. The former is more dominant for smaller values
of m.
 The skew-symmetric contribution in the third order terms is absent when
K 000ðxÞ ¼ 0, and hence in particular when the dispersion relation is ap-
proximated by a quadratic function as in the standard NLS.
Summarising for standard NLS, K2 is even, d ¼ 0 , j2 ¼ ð1=2ÞK 00ðxÞm2 and
bþ ¼ ð
1=2ÞK 00m2, b
 ¼ 0: The total solution for sNLS is then given by
A ¼ 2q expðij2fÞ cos 3cq2f
 ms
 
 c q
m
 2 1
2K 00ðxÞ cos 3ms
 
:
Compared to the solution of gNLS, the main difference is the ‘accidental’
degeneracy caused by the vanishing of the out-of-phase third harmonic,
which prevents the appearance of asymmetry in the solution.
5.3. GRAPHICAL REPRESENTATION OF SOLUTIONS FOR CHARACTERISTIC CASES
We will now show some plots to illuminate the difference between the various
results. In order to do so, one first has to specify the dispersion relation. The
precise form has not been specified in the general formula above, except that
the dispersion operator should be real-valued and skew-symmetric for
real frequencies. For the specific solution we have investigated, the initial
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frequencies x m and the most prominent side bands x 3m appear explicitly.
These side bands, however, result in third order from mode generation of first
and second order contributions. It is seen in the coefficients of the uni-ME
equation and in the expression for the parameter c in the gNLS-equation, that
the dispersion properties nearx ¼ 0 and nearx ¼ 2x are just as important for
the total solution as the dispersion near x ¼ x. For instance, the sign of c is
determined by the second order properties, and determines which of the two
characteristic forms of sNLS, with essentially different behavior, applies. For
illustration we will take an example for which c < 0 and for which K 00 > 0, the
case of anomalous dispersion leading to ‘self-focussing’ NLS.
As example we take K ¼ x3=2, for various amplitudes q but with fixed
x ¼ 2 and m ¼ 0:06. For this example, the dispersion properties imply that
low frequencies have a larger group velocity, and the coefficient of relevance
to distinguish sNLS and dNLS is negative: K 000 xð Þ < 0.
In Fig. 2, we compare the analytical solution with the result of a numerical
calculation of sNLS equation for q=m ¼ 1=2. The numerical programme is
based on an implicit Crank–Nicolson scheme for time integration with a
central finite differences approximation for the spatial derivatives. This
scheme was originally developed by Taha and Ablowitz (1984) and compares
favourably with respect to other difference scheme’s (see Chang et al. 1999).
In the figure, shown is Aj j as function of s at various positions f. Both
solutions show the envelope deformation during their propagations. The
numerical solution, however, tends to produce small humps at the flanks and
to be steeper in the peak than the analytical solution. The difference between
Fig. 2. Evolution according to sNLS of a bichromatic wave, comparison of analytic approximation and
numerical calculation for q=m ¼ 1=2. Observe the large effects of nonlinearity on the amplitude; recurrence
appears for f ¼ 800. The small humps, visible at f ¼ 400 in the numerical simulation are less pronounced
in the analytic approximation.
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these solutions can be explained by higher order terms not accounted for in
the analytic approximation; for smaller values of q, not shown here, the
difference in the deformation is much smaller. We observed that the recur-
rence length of both presented solutions is approximately the same, with
recurrence at f ¼ 826, in agreement with the theoretical prediction for Zrecurr.
For larger q the plots of numerical calculations in Fig. 3 show that large
deformation result: the initially sinusoidal profile is perturbed with a third
harmonic of considerable amplitude.The asymmetrization effect of the third
order term in the dispersion, comparison of sNLS and dNLS, is visible; the
disturbance of the symmetry is larger for larger b3 (see Fig. 3 (b) and (c)).
The same effects are also observed in the analytical solution of uni-ME
depicted in Fig. 4.
Fig. 3. For q=m ¼ 5=6 large deformationstions appear due to the effect of the third order contribution. For
small values of K 000  d the skew-symmetrisation is visible (although small) in these numerical simulations
with dNLS (dotted)\ and sNLS.
Fig. 4. Analytic approximation for the unidirectional equation for q=m  5=6. Observe in particular the
‘breathing’ of the packets with periodically large intervals of small amplitude waves between large am-
plitude packets.
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6. Conclusions
The NLS-equation is often used in optics to describe, amongst others, the
light propagation in fibres. We have contributed in this paper to a more
accurate modelling in several aspects.
First, starting from the basic Maxwell equations for quadratic nonlinear,
lossless material with arbitrary dispersive properties, we derived a simpler
uni-directional equation for light propagation, with possibly wide spectral
range, in one direction.
Using this equation we investigated the behaviour of a double pumped
pulse. Large deformations, depending on amplitude and frequency difference,
are observed in the envelope of the modulation: a third harmonic appears
together with asymmetric perturbations caused by higher than second order
dispersive effects.
From the uni-directional equation, we derived an envelope equation which
allows the direct calculation of distorting envelopes of narrow pulses. The
resulting generalised NLS-equation describes qualitatively the same distor-
tions provided the full dispersive properties are retained to third or higher
order; truncation of the dispersion to quadratic order leads to the standard
NLS-equation, which fails to describe the asymmetric perturbations.
In translating the results of the envelope equation to the physical field,
special care should be given to phase corrections that result from modula-
tions of the equilibrium level. Working with NLS-type of equations, these
corrections should essentially be taken into account in so-called nonlinear
dispersion relations, although the simplest problem of a single nonlinear
mode may be misleading in this respect. Comparing the uni-directional model
with the envelope models, the essential preference for the former is its wider
applicability for broad spectra since NLS is only valid for narrow band
spectra. This is seen for the double pumped pulse from the different coeffi-
cients in the analytic expressions, which formally agree in the limit of van-
ishing frequency difference.
From a theoretical point of view, the asymptotic approximations show a
series expansion in the two parameters, q and q=m: The results are correct for
fixed m (but for validity of NLS, m should be small) and small q; when q=m is of
the order unity, the series expansion will not converge and a more detailed
two-parameter analysis is required.
Acknowledgements
This research is supported by the Technology Foundation STW (TWI. 4813),
applied science division of NWO and the technology programme of the
Ministry of Economic Affairs, The Netherlands.
594 E. VAN GROESEN ET AL.
References
Akhmediev, N. and A. Ankiewicz. Solitons, Nonlinear pulses and beams, Chapman & Hall, 1997.
Chang, Q., E. Jia and W. Sun. J. Comput. Phys. 148 397, 1999.
Dysthe, K.B. Proc. R. Soc. London A 369 105, 1979.
van Groesen, E. and E.M. de Jager. Mathematical Structures in Continuous Dynamical Systems, Elsevier
North-Holland, Amsterdam, 1994.
van Groesen, E., T. Nusantara and E. Soewono, Opt. Quant. Electron. 33 (4/5) 499, 2001.
Hasegawa, A. and Y. Kodama. Solitons in Optical Communications, Clarendon Press, Oxford, 1995.
Newell, A.C. and J.V. Moloney. Nonlinear Optics, Addison-Wesley, Canada, 1992.
Sulem, C. and P-L Sulem. The Nonlinear Schro¨dinger Equation, Springer Verlag, 1999.
Suryanto, A., E. van Groesen and H.J.W.M. Hoekstra. Opt. Quant. Electron. 33 (4/5) 513, 2001.
Taha, T.R. and M.J. Ablowitz. J. Comput. Phys. 55 203, 1984.
UNI-DIRECTIONAL MODELS FOR SECOND ORDER NONLINEAR MEDIA 595
